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Abstract. The aim of this paper is to study a generalized form of elliptic-
type integrals which unify and extend various families of elliptic-type inte-
grals studied recently by several authors. In a recent communication [1] we
have obtained recurrence relations and asymptotic formula for this gener-
alized elliptic-type integral. Here we shall obtain some more results which
are single and multiple integral formulae, differentiation formula, fractional
integral and approximations for this class of generalized elliptic-type inte-
grals.
1. Introduction and definition. Elliptic-integrals occur frequently in
some problems of radiation physics. Due to their importance and applications,
several authors, notably Epstein and Hubbell [2], Kalla et al. [3], Srivastava and
Siddiqi [4], Kalla and Tuan [5], A. Al-Zamel et al. [6] have defined and studied
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various families of elliptic-type integrals, generalizing the well known complete
elliptic integrals K(k) and E(k) [7]. In the present paper we shall study the
following form of generalized elliptic-type integrals which provides generalization
of the results cited above.
(1.1)
A
(α,β)
(a,b,c)(k) = A
(α,β)
(a1,...,an,b1,...,bn,c1,...,cn)
(k1, . . . , kn)
=
∫ pi
0
cos 2α−1
(
θ
2
)
sin 2β−1
(
θ
2
) n∏
j=1
{
2F1
(
aj , bj ; cj ;
(
k2j
k2j−1
)
(1−cos θ)
)}
dθ,
where Re(α), Re(β) > 0, |kj | < 1, j = 1, . . . , n.
Special Cases:
1. Taking bj = cj , aj = γj (j = 1, . . . , n) in (1.1) and simplifying, we get
(1.2)
A
(α,β)
(a,b,c)(k) =
∫ pi
0
cos 2α−1
(
θ
2
)
sin 2β−1
(
θ
2
) n∏
j=1
[
(1− k2j )γj (1− k2j cos θ)−γj
]
dθ
=
n∏
j=1
(1− k2j )γjZ(α,β)(γ) (k)
where Z
(α,β)
(γ) (k) is the family of elliptic-type integrals defined by A. Al-Zamel et
al. [6].
2. Taking n = 3, bj = cj (j = 1, 2, 3), a1 = µ +
1
2
, a2 = λ, a3 = γ,
k21 = k
2, k22 =
ρ
ρ− 2, k
2
3 =
δ
2 + δ
in (1.1) and simplifying, we get
(1.3)
A
(α,β)
(µ+ 1
2
,λ,γ)
(k) = (1− k2)µ+ 12 (1 + δ)γ
∫ pi
0
cos 2α−1
(
θ
2
)
sin 2β−1
(
θ
2
)
×
× (1− k2cos θ)−µ− 12
(
1− ρsin 2
(
θ
2
))
−λ(
1 + δcos 2
(
θ
2
))
−γ
dθ
= (1− k2)µ+ 12 (1 + δ)γΛ(α,β)(µ,λ,γ)(ρ, δ; k)
where Λ
(α,β)
(µ,λ,γ)(ρ, δ; k) is a generalized form of the elliptic-type integrals defined
by Kalla and Tuan [5].
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Further, set δ = 0 and γ = 0, then the above elliptic-type integrals reduce
to elliptic-type integral defined by Srivastava and Siddiqi [4].
3. Taking n = 1, b = c, a = µ+
1
2
, β = γ − α in equation (1.1), we get
(1.4)
A
(α,γ−α)
(µ+ 1
2
)
(k) = (1− k2)µ+ 12
∫ pi
0
cos 2α−1
(
θ
2
)
sin 2(γ−α)−1
(
θ
2
)
×
× (1− k2cos θ)−µ− 12 dθ = (1− k2)µ+ 12Rµ(k, α, γ)
where Rµ(k, α, γ) is the family of functions defined by Kalla et al. [3].
4. Let n = 1, b = c, a = j +
1
2
, α = β =
1
2
in (1.1), we get
(1.5)
A
( 1
2
, 1
2
)
(j+ 1
2
)
(k) = (1− k2)j+ 12
∫ pi
0
(1− k2cos θ)−j− 12 dθ
= (1− k2)j+ 12Ωj(k), j = 0, 1, 2, . . .
where Ωj(k) is the Epstein and Hubbell family of elliptic-type integrals [2].
Further, for j = 0 equation (1.5), reduces to
(1.6) A
( 1
2
, 1
2
)
( 1
2
)
(k) = 2
√
1− k2
1 + k2
K
(√
2k2
1 + k2
)
where K(k) is the complete elliptic-type integral of first kind [7].
For j = 1 in equation (1.5), we get
(1.7) A
( 1
2
, 1
2
)
( 3
2
)
(k) = 2
√
1− k2
1 + k2
E
(√
2k2
1 + k2
)
where E(k) is the complete elliptic-type integral of second kind [7].
Explicit form. Substituting sin 2
(
θ
2
)
= u in (1.1), it assumes the
following form
(1.8)
∫ 1
0
(1− u)α−1uβ−1
n∏
j=1
2F1
[
aj , bj ; cj ;
2k2ju
k2j − 1
]
du.
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Now comparing the above integral with the result [8, p. 184, Eq. (A.1.3.1)],
we can express our generalized elliptic-type integral in terms of multivariable ex-
tension of the Kampe´ Fe´riet function [9, p. 65, Eq. (2.1)] as follows
(1.9) A
(α,β)
(a,b,c)(k) = B(α, β)F
1:2;...;2
1:1;...;1
[
β : a1, b1 ; . . . ; an, bn ;
α+ β : c1 ; . . . ; cn ;
2k21
k21 − 1
, . . . ,
2k2n
k2n − 1
]
2. Integral formulae. We note here some integral formulae involving
our generalized elliptic-type integrals:
(2.1)
(i)
∫ d
0
xγ−1
(xr + zr)ρ
A
(α,β)
(a,b,c)
(√
(1 − x
d
)h1
h1(1− xd )− 2
, . . . ,
√
(1− x
d
)hn
hn(1− xd )− 2
)
dx =
= B(α, β)
dγ
zrρ
∞∑
l=0
(−1)l(ρ)l
l!
(
d
z
)rl Γ(γ + rl)
Γ(γ + rl + 1)
×
×F 2:2;...;22:1;...;1
[
β , 1 : a1, b1 ; . . . ; an, bn;
α+ β , γ + rl + 1 : c1 ; . . . ; cn ;
h1, . . . , hn
]
Re(α), Re(β), Re(γ) > 0, d, r > 0, |z| > d, r| arg z| < pi, |hj | < for (j = 1, . . . , n).
(2.2)
(ii)
∫ d1
0
· · ·
∫ dn
0
n∏
j=1
[
x
γj−1
j
(x
rj
j + z
rj
j )
ρj
]
×
×A(α,β)(a,b,c)
(√
h1(1− x1d1 )
h1(1− x1d1 )− 2
, . . . ,
√
hn(1− xndn )
hn(1− xndn )− 2
)
dx1 . . . dxn =
= B(α, β)
n∏
j=1

 dγjj
z
rjρj
j
∞∑
lj=0
(−1)lj (ρj)lj
lj !
(
dj
zj
)rj lj Γ(γj + rjlj)
Γ(γj + rjlj + 1)

×
×F 1:3;...;31:2;...;2
[
β : a1, b1, 1 ; . . . ; an, bn, 1 ;
α+ β : c1, γ1 + r1l1 + 1 ; . . . ; cn, γn + rnln + 1;
h1, . . . , hn
]
Re(α),Re(β),Re(γ) > 0, dj, rj > 0, |zj | > dj, r| arg zj | < pi, |hj | < 1 for
(j = 1, . . . , n).
(2.3)
(iii)
∫
∞
0
xγ−1
(x+z)
A
(α,β)
(a,b,c)
[
h1
√
2xz
2h21xz−(x+ z)2
, . . ., hn
√
2xz
2h2nxz−(x+ z)2
]
dx =
= piB(α, β)
zγ−1
sin (piγ)
F
3:2;...;2
3:1;...;1
[
β, γ, 1 − γ : a1, b1 ; . . . ; an, bn;
α+ β, 12 , 1 : c1 ; . . . ; cn ;
h21, . . ., h
2
n
]
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Re(α),Re(β) > 0, 0 < Re(γ) < 1, Re(z) > 0, |hj | < 1 for (j = 1, . . . , n).
(2.4)
(iv)
∫
∞
0
. . .
∫
∞
0
n∏
j=1
[
x
γj−1
j
(xj + zj)
]
×
×A(α,β)(a,b,c)
[
h1
√
2x1z1
2h21x1z1 − (x1 + z1)2
, . . . ,
hn
√
2xnzn
2h2nxnzn − (xn + zn)2
]
dx1 . . . dxn =
= B(α, β)
n∏
i=1
[
pi
sin (piγj)
z
γj−1
j
]
×
×F 1:4;...;41:3;...;3
[
β : a1, b1, γ1, 1− γ1 ; . . . ; an, bnγn, 1− γn;
α+ β : c1,
1
2 , 1 ; . . . ; cn,
1
2 , 1 ;
h21, . . . , h
2
n
]
Re(α),Re(β) > 0, 0 < Re(γ) < 1, Re(zj) > 0, |hj | < 1 for (j = 1, . . . , n).
Here B(α, β) stands for the beta function and the function occurring in
the right hand side of each of equations (2.1) to (2.4) is the well-known Kampe´
de Fe´riet function [9, p. 65, Eq. (21)].
(2.5)
(v)
∫ d
0
x2−4δ(d2 − x2)δ−1A(α,β)(a,b,c)
(√
h1x
h1x− 2d, . . . ,
√
hnx
hnx− 2d
)
dx =
=
B(α, β)
2
Γ(32 − 2δ)Γ(δ)
Γ(32 − δ)
d−2δ+1×
×F 2:2;...;22:1;...;1
[
(β : 1, . . . , 1), (32 − 2δ; 12 , . . . , 12) :
(α+ β : 1, . . . , 1), (32 − δ; 12 , . . . , 12) :
(a1, 1)(b1, 1) ; . . . ; (an, 1)(bn, 1);
(c1, 1) ; . . . ; (cn, 1) ;
h1, . . . , hn
]
Re(α),Re(β) > 0, 0 < Re(δ) < 34 , d > 0, |hj | < 1 for (j = 1, . . . , n).
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(2.6)
(vi)
∫ d1
0
· · ·
∫ dn
0
n∏
j=1
[
x
2−4δj
j (d
2
j − x2j )δj−1
]
×
×A(α,β)(a,b,c)
(√
h1x1
h1x1 − 2d1 , . . . ,
√
hnxn
hnxn − 2dn
)
dx1 . . . dxn =
=
B(α, β)
2
n∏
j=1
[
Γ(32 − 2δj)Γ(δj)
Γ(32 − δj)
d
−2δj+1
j
]
F
1:3;...;3
1:2;...;2
[
(β : 1, . . . , 1) :
(α+ β : 1, . . . , 1) :
(a1, 1)(b1, 1)(
3
2 − 2δ1, 12 )
(c1, 1)(
3
2 − δ1, 12)
;
;
. . .
. . .
;
;
(an, 1)(bn, 1)(
3
2 − 2δn, 12 )
(cn, 1)(
3
2 − δn, 12)
;
;
h1, . . . , hn
]
Re(α),Re(β) > 0, 0 < Re(δj) <
3
4 , dj > 0, |hj | < 1 for (j = 1, . . . , n).
The function occurring in the right hand side of equations (2.5) and (2.6) is the
generalized Lauricella function of several variables [9, p. 64, Eq. (18)].
P r o o f. To evaluate the integral (2.1), first we express the generalized
elliptic-type integral A
(α,β)
(a,b,c)(k) occurring in its left hand side in the explicit form
given by (1.8) and write the Kampe´ de Fe´riet function occurring therein in series
form. Next, we interchange the order of summation and integration and substi-
tute
x
d
= t and express the binomial expression thus obtained in the form of a
series. Finally, evaluating the integral thus obtained as a beta integral and ex-
pressing the result in terms of Kampe´ de Fe´riet function, we arrive at the desired
result.
The remaining integrals given by the equations (2.2) to (2.6) can be de-
rived by following the same procedure as given in the proof of first integral (2.1)
and making appropriate modifications and changes.
Let α = β = 12 , n = 1, b = c, a =
1
2 and h = 1 in the integral formulas
(2.1), (2.3) and (2.5), then we get the known result given in [10, p. 180, Eq.
(2.16.1.3); p. 188, Eq. (2.16.7.1); p. 184, Eq. (2.16.4.12)] respectively.
If we take α = β = 12 , n = 1, b = c, a = −12 and h = 1 in the integral
formula (2.1), we get another known result given in [10, p. 180, Eq. (2.16.1.3)].
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3. Differentiation formula. In this section we derive a differentia-
tion formula for A
(α,β)
(a,b,c)
(
k1, . . . , kn−1,
k√
2− k2
)
, which may be considered as an
extension of the result of Kalla and Al-Saqabi [11].
(3.1)
d
dk
[
kλ(2− k2)σ(1− k2)νA(α,β)(a,b,c)
(
k1, . . . , kn−1,
k√
2− k2
)]
=
= 4ank
λ−1(2− k2)σ(1− k2)ν−1A(α,β)(a1,...,an+1,b,c)
(
k1, . . . , kn−1,
k√
2− k2
)
−
−(2−k2)σ−1(1−k2)ν
[
2
(
2−k2
1−k2
)
kλ−1(an+k
2ν)+2σkλ+1−λkλ−1(2−k2)
]
×
×A(α,β)(a,b,c)
(
k1, . . . , kn−1,
k√
2− k2
)
.
P r o o f. To prove the result (3.1), first we expressA
(α,β)
(a,b,c)
(
k1, . . . , kn−1,
k√
2− k2
)
in the integral form given by (1.1) and interchange the orders of differentiation
and integration. Next using the differential properties and recurrence relations
for the Gauss hypergeometric function [12], we get (3.1) after a little simplifica-
tions.
For λ = 0, (3.1) becomes
(3.2)
d
dk
[
(2− k2)σ(1− k2)νA(α,β)(a,b,c)
(
k1, . . . , kn−1,
k√
2− k2
)]
=
= 4ank
−1(2− k2)σ(1− k2)ν−1A(α,β)(a1,...,an+1,b,c)
(
k1, . . . , kn−1,
k√
2− k2
)
−
−(2− k2)σ−1(1− k2)ν
[
2
(
2− k2
1− k2
)
k−1(an + k
2ν) + 2kσ
]
×
×A(α,β)(a,b,c)
(
k1, . . . , kn−1,
k√
2− k2
)
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For n = 1, b = c, a = µ+
1
2
, α = β =
1
2
, σ = ρ+ µ and ν = −µ− 1
2
, (3.1) and
(3.2) reduce to the differentiation formulas obtained earlier by Kalla and Saqabi
[11, p. 510, Eqs. (10), (9)].
4. Fractional integral. Fractional calculus deals with the differentia-
tion and integration of arbitrary order (Ross [13], Miller and Ross [14], Kiryakova
[15], Samko et al. [16]). An integral of the form
(4.1) D−µx [f(x)] =


1√
µ
∫ x
0
(x− t)µ−1f(t)dt, Re(µ) > 0
dm
dxm
D−µ−mx {f(x)}, −m < Re(µ) ≤ 0,m ∈ N
is known as the Riemann-Liouville operator of fractional integration of order µ.
Here we shall express the elliptic-type integral A
(α,β)
(a,b,c) (k1, . . . , kn) as frac-
tional integral of Gauss hypegeometric functions as follows
(4.2)
A
(α,β)
(a,b,c)
(√
z1k
z1k − 2 , . . . ,
√
znk
znk − 2
)
=
=
Γ(α)
kα+β−1
D−αk

kβ−1 n∏
j=1
{2F1(ai, bi; ci; zik)}

 .
To establish the above result we shall require the definition (1.1) and the
following known result [17, p. 569, Eq. (3.5)]
(4.3)
D
λ−µ
k

kλ−1F p:p1;...;pnq:q1;...;qn

 z1k...
znk



 = kµ−1Γ(λ)
Γ(µ)
F p:p1;...;pnq:q1;...;qn
[
(λ : 1, . . . , 1),
(µ : 1, . . . , 1),
(aj : α
(1)
j , . . . , α
(n)
j )1,p : (c
(1)
j , γ
(1)
j )1,p1 ; . . . ; (c
(n)
j , γ
(n)
j )1,pn ;
(bj : β
(1)
j , . . . , β
(n)
j )1,q : (d
(1)
j , δ
(1)
j )1,q1 ; . . . ; (d
(n)
j , δ
(n)
j )1,qn ;
zk1 , . . . , z
k
n
]
,
Re(λ) > 0.
Let p = q = 0, pi = 2, qi = 1, a
(i)
j = β
(i)
j = γ
(i)
j = δ
(i)
j = 1, c
(i)
1 = ai, c
(i)
2 = bi,
On a class of generalized elliptic-type integrals 227
d
(i)
1 = ci for (i = 1, . . . , n), λ = β and µ = α + β in (4.3) and set ki =
√
zki
zki − 2
(i = 1, . . . , n) in equation (1.1). Now comparing the results thus obtained, we
easily arrive at (4.2).
If in the main result (4.2), we take n = 1, b = c, a = µ+ 12 , β = γ−α and
n = 1, b = c, a = µ+ 12 , α = β =
1
2 respectively, we obtain the fractional integral
representations for the elliptic type integrals Rµ(k, α, γ) and Ωµ(k). The results
thus obtained are essentially similar to the known results given in [18, p. 31, Eqs.
(72), (71)]. They can be established on using the transformation formulae [12, p.
60, Eq. (38.4) and p. 65, Eq. (41.1)] respectively.
5. Approximations. In this section we shall derive three single term
approximations for elliptic-type integral z
(α,β)
γ (k) .
First we establish the following single term approximation for the Lauri-
cella function F
(n)
D :
(5.1)
F
(n)
D (α, β1, . . ., βn; γ;x1, . . ., xn)=
Γ(γ)
Γ(βn)Γ(γ−β1−· · ·−βn)
n−1∏
i=1
[
(1− xi)−α
Γ(βi)
]
×
×
n−2∏
i=1
{
B
(
βi+
i∑
l=1
αxl
1− xl
, α+β−
n∑
r=i
βr
)}
B
(
βn−1+
αxn−1
1−xn−1 , γ+
αx1
1− x1+· · ·+
+
αxn−2
1−xn−2−βn−1−βn
)
B
(
βn, γ+
αx1
1−x1+· · ·+
αxn−1
1−xn−1−αxn−βn
)
Re(βi) > 0, Re(γ − β1 − . . .− βn) > 0, 0 < |xi| ≪ 1 (i = 1, . . . , n).
P r o o f. The n-integral representation of F
(n)
D [19, p. 49, Eq. (2.3.5)] is
given by
(5.2)
F
(n)
D (α, β1, . . . , βn; γ;x1, . . . , xn) =
Γ(γ)
Γ(β1) . . .Γ(βn)Γ(γ − β1 − · · · − βn)×
×
∫
. . .
∫
︸ ︷︷ ︸
(n)
u
β1−1
1 . . . u
βn−1
n (1− u1 − · · · − un)γ−β1−···−βn−1×
×(1− u1x1 − · · · − unxn)−αdu1 . . . dun
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where the region of integration of (5.2) is ui ≥ 0 (i = 1, . . . , n);
n∑
i=1
ui ≤ 1.
If we use the following approximation,
(5.3)
(1− u1x1 − · · · − unxn) ∼= (1− u1x1)(1− u2x2) . . . (1− unxn)
for |xi| ≪ 1, (i = 1, . . . , n)
and make the substitutions
wi = 1− ui(
1−
n∑
r=i+1
ur
) (i = 1, . . . , n− 1), wn = un
successively in the right hand side of (5.2), it leads to the following form,
(5.4)
Γ(γ)
Γ(β1) . . .Γ(βn)Γ(γ − β1 − · · · − βn)×
×
∫ 1
0
. . .
∫ 1
0︸ ︷︷ ︸
(n)
n−1∏
i=1
[
(1− wi)βi−1wγi −
n∑
r=i
βr − 1
]
×
×(1− wn)γ−βn−1wβn−1n
n−2∏
i=1
[
1−
n−2∑
r=i
(1− wr)wn−1(1−wn)xi
]
−α
×
× [1− (1− wn−1)(1− wn)xn−1]−α [1− wnxn]−αdw1 . . . dwn.
Now we use the approximations,
(5.5)
[1−(1−w1) . . . (1−wn)xi] ∼= (1−x1)
(
1+
xi
1−xiw1
)
. . .
(
1+
xi
1−xiwn
)
,
0 < |xi| ≪ 1
and (
1− x
r
)α−1 ∼= (1 + x)− (α−1)r in the neibourhood of x = 0
or, equivalently
(5.6)
(
1 +
x
1− xw
)
−α
∼= (1− w) αx1−x in the neibourhood of w = 0
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in the term [1 − (1 − wn−1)(1 − wn)xn−1]−α of the integrand of (5.3) and make
some algebraic manipulations and simplifications to arrive at the result (5.1).
Now on using the approximation (5.1) for F
(n)
D , we obtain the following
single term approximation for z
(α,β)
(a) (k) after a little simplification
(5.7)
z
(α,β)
(a) (k) =
B(α, β)Γ(α + β)
Γ(an)Γ(α+ β − a1 − · · · − an) (1− k
2
n)
−an×
×
n−1∏
i=1
[
(1− ki)β−ai(1 + k2i )−β
Γ(ai)
] n−2∏
i=1
{
B
(
ai −
i∑
l=1
2βk2i
1 + k2i
, α+ β −
n∑
r=i
ar
)}
×
×B
(
an−1 −
2k2n−1β
1 + k2n−1
, α+ β − 2k
2
1β
1 + k21
− · · · − 2k
2
n−1β
1 + k2n−1
− an−1 − an
)
×
×B
(
an, α+ β − an − 2k
2
1β
1 + k21
− · · · − 2k
2
n−1β
1 + k2n−1
− 2k
2
nβ
k2n − 1
)
Re(α), Re(β), Re(ai) > 0, Re(α+β−a1−· · ·−an) > 0 for small ki (i = 1, . . . , n).
Other single term approximation for z
(α,β)
(a) (k) can be established in the
following form on using the integral representation of F
(n)
D [19, p. 49, Eq. (2.3.6)],
making slight change in the variable of integration and applying the approxima-
tion (5.6)
(5.8)
z
(α,β)
(a) (k) =
= Γ(α)(1 − k2n)−an
n−1∏
i=1
[
(1 + k2i )
−ai
] Γ
[
β − 2a1k
2
1
1 + k21
− · · · − 2ank
2
n
1 + k2n
]
Γ
[
α+ β − 2a1k
2
1
1 + k21
− · · · − 2ank
2
n
1 + k2n
]
Re(β) > Re(α + β) > 0, Re
(
β − 2a1k
2
1
1 + k21
− · · · − 2ank
2
n
1 + k2n
)
> 0, for small ki
(i = 1, . . . , n). Appealing to the integral representation of F
(n)
D [19, p. 49,
Eq. (2.3.6)] and the approximation (5.6), we get yet another approximation for
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z
(α,β)
(a) (k) as follows
(5.9) z
(α,β)
(a) (k) = Γ(α)
n∏
i=1
[
(1− k2i )−ai
] Γ
[
β − 2k
2
1a1
k21 − 1
− · · · − 2k
2
nan
k2n − 1
]
Γ
[
α+ β − 2k
2
1a1
k21 − 1
− · · · − 2k
2
nan
k2n − 1
]
Re(β) > Re(α+ β) > 0, for small ki (i = 1, . . . , n).
A suitable choice of parameters in the result (5.7), say n = 1, b = c,
a = µ + 12 , β = γ − α and n = 1, b = c, a = µ + 12 , α = β = 12 leads to the
approximation formulae for the families of elliptic-type integrals Rµ(k, α, γ) and
Ωµ(k). The results thus obtained are essentially similar to the known results
given in [18, p. 30, Eq. 67; p. 29, Eq. 65] They can be established on using the
transformation formulae [12, p. 60, Eq. (3.8.4) and p. 65, Eq. (41.1)] respectively.
The results obtained in section 2 to 5 would yield the corresponding results
for other known families of elliptic-type integrals on specializing the parameters
of the generalized elliptic-type integral A
(α,β)
(a,b,c)(k) as mentioned in section 1. We
however omit the details.
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